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High-dimensional entanglement with spatial modes of light promises increased security
and information capacity over quantum channels. Unfortunately, entanglement decays
due to perturbations, corrupting quantum links which cannot be repaired without a
tomography of the channel. Paradoxically, the channel tomography itself is not possi-
ble without a working link. Here we overcome this problem with a robust approach to
characterising quantum channels by means of classical light. Using free-space commu-
nication in a turbulent atmosphere as an example, we show that the state evolution of
classically entangled degrees of freedom is equivalent to that of quantum entangled pho-
tons, thus providing new physical insights into the notion of classical entanglement.
The analysis of quantum channels by means of classical light in real time unravels
stochastic dynamics in terms of pure state trajectories and thus enables precise quan-
tum error-correction in short and long haul optical communication, in both free-space
and fibre.
I. INTRODUCTION
Quantum correlations have become a ubiquitous re-
source in short and long-range communication using pho-
tons as carriers of quantum information (qubits). The
most significant developments have been realised using
polarisation as the degree of freedom (DoF) of choice
[1–4]; the two components of the polarisation vector of
a photon are robust against atmospheric perturbations,
and can easily be controlled with wave-plates and polar-
ising elements. Polarisation-based quantum communica-
tion is, however, limited to a bandwidth of a single qubit
per photon sent due to the low-dimensionality of polar-
isation, and requires the sender and receiver to share a
frame of reference.
Employing other degrees of freedom of light in quan-
tum protocols allows for more information to be packed
onto single photons [5]. The use of spatial modes of
light to realise high dimensions has seen many notable
advances, with orbital angular momentum (OAM) being
the preferred DoF [6–9]. OAM forms a convenient ba-
sis, is easy to measure with phase only holograms [10],
and is conserved down to the single photon level [11].
However, it is worth noting that despite its potential,
entanglement based on spatial modes poses challenges in
its implementation. In both free-space and optical fibres,
modal crosstalk and the concomitant decay of entangle-
ment are the main challenges.
In free-space quantum channels, spatial modes are
adversely affected by atmospheric turbulence [12, 13],
which reduces the probability of detecting photons [14–
16], while the induced scattering among spatial modes
∗ Corresponding author: andrew.forbes@wits.ac.za
[17, 18] leads to a loss of entanglement in the final state
measured in a given subspace [19, 20]. To circumvent the
deleterious effects of turbulence, as well as the need for
a shared reference frame, hybrid OAM and polarisation
qubit states have been put forward as possible carriers
for more robust communication. These hybrid states are
rotation invariant, and have been used to demonstrate
alignment-free, robust quantum communication, where
qubits are encoded in the two DoFs that are entangled
[21–24].
To date, channels with two-dimensional quantum
states have been demonstrated over 144 km with polari-
sation [1], and with hybrid OAM and polarisation states
over 210 m in a controlled environment to minimise tur-
bulence [23], as well as recently over 3 km across Vienna
[25]. Fibre channels with two dimensional entangled spa-
tial modes languish at the centimetre scale [26, 27], and
no study to date has managed to report on the transport
of high dimensional entanglement in any practical sense,
in either free-space or fibre. To advance further requires
characterisation schemes that allows one to gain informa-
tion on the channel, predict the effects of perturbations,
and implement error-correction in real-time.
Process tomography is an essential tool to obtain
knowledge about the action of a channel in general, and
its effects on the propagation of entangled states in par-
ticular [28]. At the single photon level, this characteri-
sation is difficult to do, especially with entangled states:
one needs the quantum link to work before it can be
characterised, but having it characterised would be im-
mensely helpful in getting it to work. Thus the process
tomography of quantum channels in which (entangled)
spatial modes are used remains topical but challenging.
Here we demonstrate a simple approach to charac-
terise a quantum channel using classical light. We ex-
ploit the non-separability property of vector beams, so-
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2called classically entangled light [29–31], to show that
the state evolution of two classically and two quantum
entangled degrees of freedom is in one-to-one correspon-
dence in case the channel for both systems acts only
on a single DoF. This proves that beyond the mathe-
matical resemblance to its quantum counter part, clas-
sical entanglement does hold physical significance. As
an example, we demonstrate that the transport and de-
cay of the classical entanglement of vector beams and
the quantum entanglement of a photon pair are identi-
cal in a channel perturbed by atmospheric turbulence.
Moreover, we show that the one-to-one correspondence
between one-sided channels and entangled states, the so
called Choi-Jamiolkowski isomorphism [32], is also valid
for classical light fields with arbitrary degree of entangle-
ment. Thus, a full characterisation of quantum channels
can be obtained via state tomography of classically en-
tangled light beams. This new technique enables one,
for example, to determine the action of turbulence, and
other channels, on pairs of spatial modes for quantum
and classical states of light, and replaces the usual pro-
cess tomography in both cases. Finally, we demonstrate
the applicability of the tools in a proof-of-principle com-
munication experiment employing classically entangled
states, showing that the characterisation of the channel
allows for information recovery and robust data transfer.
II. RESULTS
FIG. 1. Illustration of the concept. (a) Alice generates
two entangled photons using a SPDC process (see Methods),
and sends one photon (Photon A) to Bob through a free-space
turbulent channel, which affects the quantum correlations due
to perturbations to photon A. (b) Equivalently, Alice sends
information to Bob using a classically entangled bright light
field (laser beam). The spatial degree of freedom (DoF A) is
affected by the channel, while the polarisation (DoF B) is not.
APD = avalanche photodiode, BBO = Beta Barium Borate
(non-linear optical crystal), SLM = spatial light modulator
and CCD = charge coupled device.
Concept. Consider a typical scenario where quan-
tum information is shared between two parties (Alice and
Bob), as shown in Fig. 1(a). Alice generates two photons
entangled in their spatial DoF, which we will take to be
the OAM DoF. Her bi-photon state can then be written
as: |Ψ`〉in = |`〉A |−`〉B + |−`〉A |`〉B . She sends one pho-
ton to Bob, which passes through the channel; in this
study we will consider a free-space link through a turbu-
lent atmosphere as our example, but the concept is not
restricted to this particular case and can be adapted to
different channels. It has been shown, theoretically and
experimentally, that perturbations due to such a chan-
nel negatively affect the correlations between the pho-
tons, thereby decreasing the efficiency and security of
the quantum communication link. In this scenario, pho-
ton A experiences the channel while photon B does not.
The resulting state |Ψ`〉out of the photon pair carries the
complete information about the channel. This is due to
the so-called Choi-Jamiolkowski isomorphism, and could
be experimentally verified by teleporting states of single
photons using the photon pair in state |Ψ`〉out as an en-
tanglement resource. The resulting teleportation channel
would reproduce the same state changes as the turbu-
lence channel [33].
We claim that this quantum scenario has a classical
equivalent, depicted in Fig. 1.(b). Here Alice prepares
a classical beam that is non-separable in OAM and po-
larisation: |Ψ`〉in = |`〉A |R〉B + |−`〉A |L〉B , sending the
entire beam to Bob through the same channel. In this for-
malism A and B now refer to the two degrees of freedom
in the non-separable light field, and not to two photons
in the entangled system. But polarisation is not affected
by turbulence, so the degree of freedom that experiences
the deleterious effects of the channel is that of the spatial
mode (A). In both cases only the states |`〉A and |−`〉A
are affected.
The equivalence of the quantum and classical scenar-
ios, together with the fact that the outgoing state in the
quantum case contains the full information about the
channel, strongly suggest that such non-separable states
of light may be used to characterise the effect of the
channel on the quantum state, an idea which we later
validate theoretically and experimentally.
Classically entangled states. Our hybrid encod-
ing space, described by the higher-order Poincare´ sphere
[34], is formed from the tensor product of the infinite
dimensional OAM and the two-dimensional polarisation
Hilbert spaces. We are interested in states of the form
|Ψ`〉in = α |`〉A |−`〉B + β |−`〉A |`〉B , (1a)
|Ψ`〉in = α |`〉A |R〉B + β |−`〉A |L〉B , (1b)
where |α|2 + |β|2 = 1. Equation 1a defines a two-
photon entanglement system expressed in the OAM ba-
sis, {|−`〉 , |`〉}, with each photon carrying `~ quanta of
OAM [35]. Equation 1b defines a vector vortex mode,
which here will be the classical equivalent to the sys-
3FIG. 2. Experimental setup. (a) The entangled qubits were encoded using a q-plate and propagated through the turbulent
conditions simulated with single Kolmogorov phase screens. The output state was analysed using a vector mode sorter that
performs a decomposition into vector states. (b) Full state tomography of the perturbed state was performed by projecting
polarisation states, selected with the quarter or half-wave plate, onto OAM states encoded on a spatial light modulator. The
output of the projections were observed in the far-field using a camera. (c) Vector vortex modes are (de)multiplexed using two
Mach-Zehnder interferometers, with the q-plates used to (de)encode hybrid qubits.
tem defined in Eq. 1a. The basis states {|L〉 , |R〉} cor-
respond the left and right circular polarisation states,
respectively.
Among the many tools used to evaluate the degree of
entanglement we choose the concurrence as our measure,
as it has been shown to be effective in quantifying the
degree of quantum and classical entanglement [36, 37].
For qubit pairs defined as in Eqs. 1a and 1b, this is given
by:
C(|Ψ`〉in) = 2|αβ| . (2)
Channel tomography for turbulence. We consider
an OAM state passing through turbulence which causes
modal dispersion and thus broadens the OAM spectrum.
Here, for each instance of the stochastically varying tur-
bulence, the state evolution is a different unitary trans-
formation that maps pure states onto pure states and
takes the form (see Supplementary Information):
|`〉 →
∑
`′
p`−`′ |`′〉 , (3)
where p`−`′ are the modal weightings. Thus, a given
input vector vortex mode |Ψ`〉in propagating through a
turbulent channel will be transformed as follows:
|Ψ`〉in −→ α
∑
`′
p`−`′ |`′〉 |R〉+ β
∑
`′
p−`−`′ |`′〉 |L〉 , (4)
= αp0 |`〉 |R〉+ αp2` |−`〉 |R〉+ βp−2` |`〉 |L〉
+ βp0 |−`〉 |L〉+
∑
(. . .) .
(5)
Note that we omit the subscripts A and B for simplicity
of notation. Filtering for OAM values −` and ` yields
the unnormalised final state
|Ψ`〉out = αp0 |`〉 |R〉+ βp−2` |`〉 |L〉+ αp2` |−`〉 |R〉
+ βp0 |−`〉 |L〉 . (6)
We can now read off the operator M that describes the
action |Ψ`〉in → |Ψ`〉out = M⊗ 1 |Ψ`〉in of the channel on
the OAM degree of freedom:
M = p0 |`〉 〈`|+ p−2` |`〉 〈−`|+ p2` |−`〉 〈`|
+ p0 |−`〉 〈−`| . (7)
The one-to-one correspondence between the state (Eq.
6) of the vector beam and the Kraus operator (Eq.
7) for the OAM channel established here for classical
light fields, is a manifestation of the Choi-Jamiolkowski
isomorphism known to also connect the quantum OAM
channel (same operator M) and the state of the qubit
pair obtained from Eq. 1a. It follows that the matrix
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FIG. 3. Evolution of classical entanglement in turbu-
lence. (a) The measured concurrence variation after prop-
agation through turbulence screens of various SR strengths
(increasing from high to low SR values) for the classical (red
markers) and quantum (blue markers) states, correctly follow
the theoretical prediction for one of two entangled photons
going through a turbulent channel (green dashed line). The
fluctuations in SR arise from the statistical averaging of the
turbulence screen for an encoded SR value. The inset shows
the decay in fidelity of the output state with respect to a
maximally entangled state, as a function of the turbulence
strength. (b) The measured concurrence obeys the predicted
linear mapping to the concurrence of the input state. Here
we have shown this for three channels with SR = 1.00, 0.70
and 0.45.
elements of the quantum channel operator, M, typically
determined by process tomography using many photons,
can now be monitored by a state tomography of the
classical output state |Ψ`〉out in real time.
Decay of classical entanglement in turbulence.
The entanglement of the final state (Eq. 6) is given by the
concurrence C(|Ψ`〉out) = 2|αβ||p20 − p2`p−2`|/p, which,
can be expressed in terms of the entanglement of the
input state by
C(|Ψ`〉out) = Cch C(|Ψ`〉in) , (8)
where 0 ≤ Cch = |p20 − p2`p−2`|/p ≤ 1 equals the
percentage of entanglement preserved by the channel
and is given by the output concurrence obtained from
an initially maximally entangled state with probability
p = (2|p0|2 + |p2`|2 + |p−2`|2)/2. For example, in weak
turbulence where |p2`p−2`|/p  |p20|/p ≈ 1, Eq. 8 re-
duces to:
C(|Ψ`〉out) ≈ C(|Ψ`〉in) . (9)
The initial and final entanglement are approximately
the same, i.e., the photons remain entangled to each
other. Conversely, in relatively strong turbulence where
|p2`p−2`| ≈ |p20|, the concurrence C(|Ψ`〉out) vanishes.
The relation in Eq. 8 has been derived in [38] for en-
tangled photons.
The broadening of the OAM spectrum described by
Eq. 4 leads to inter-modal coupling among vector modes,
resulting in a loss of entanglement with increasingly
strong perturbations. Within the subspace of vector
modes with |`| = 1, this coupling can be analysed us-
ing the four vector modes in this space. These modes are
orthogonal and constitute a basis, analogous to the Bell
basis, that can be used to encode information [39]. In
optical waveguide theory, these modes are widely known
as optical fibre modes [40], which we label as:
|TM〉1 =
1√
2
(|1〉 |R〉+ |−1〉 |L〉) , (10)
|TE〉1 =
1√
2
(|1〉 |R〉 − |−1〉 |L〉) , (11)
|HEe〉1 =
1√
2
(|1〉 |L〉+ |−1〉 |R〉) , (12)
|HEo〉1 =
1√
2
(|1〉 |L〉 − |−1〉 |R〉) . (13)
By way of example, consider a |TM〉1 propagating in
a strong turbulence regime. In the special case where
p0 = p2` = p−2` (strong coupling), the final state re-
duces to
|Ψ1〉out =
1√
2
p0 [|1〉 |R〉+ |−1〉 |L〉+ |1〉 |L〉+ |−1〉 |R〉] ,
(14)
=
1√
2
p0 [|TM〉1 + |HEe〉1] , (15)
=
1√
2
p0 (|1〉+ |−1〉)⊗ (|R〉+ |L〉) , (16)
which is separable (not entangled) i.e., the spatial and
polarisation DoFs can be factorised. Equivalently in
the quantum case, perturbations incurred by one of the
two photons (modal dispersion and projection onto a
subspace) will transform an initial entangled state into
a final factorisable (separable) state.
Classical and quantum experiments. Here we
demonstrate experimentally the equivalence between the
evolution of classical and quantum entanglement in tur-
bulence. Our classical experimental setup is illustrated
in Fig. 2 and comprises creation, propagation and detec-
tion stages. In the creation step, the vector vortex mode
is prepared either directly from a “spiral laser” [41], or
5FIG. 4. Evolution of the mode spectrum in turbulence. (a)-(e) Show vector mode dispersion for the four vector vortex
modes of the |`| = 1 subspace for average SR values of 1.0, 0.7, 0.5, 0.4 and 0.3 respectively. The matrices show the evolution of
the power distribution among the four vector detector for a given input mode. (f) and (g) Show the effect of the turbulence on
the spatial DoF, measured by modal decomposition of the |−1〉 |L〉 and |1〉 |R〉 input qubit states, respectively. The scattering
of the OAM eigenstates is observed through a redistribution of energy between OAM modes with increasing SR.
by using wave plates and q-plates [42] to transform a lin-
early polarised Gaussian beam into a vector vortex mode.
We passed our vector mode through a turbulent channel
(turbulence phase screen) that was made to vary with
time, and analysed the output beam with two detection
systems: a vector mode sorter to uniquely detect each
of the maximally entangled modes, thus evaluating the
amount of inter-modal coupling, and a tomography de-
tector [37] to evaluate the concurrence (see Methods).
In the quantum experiment, we used spontaneous para-
metric down conversion (SPDC) to produce two photons
entangled in OAM, of which one was sent through a tur-
bulent channel (See Methods). A state tomography of
the two photons was performed to determine the evolu-
tion of the concurrence as a function of the turbulence
strength. To account for fluctuations in the number of
photons, we used an over-complete set of measurements
to reconstruct the density matrix (see Methods).
In Fig. 3(a) we show the measured dependence of the
concurrence of our quantum and classical states as a func-
tion of the degree of turbulence in the channel, together
with the theoretical prediction from Eq. 28. We used
a |TM〉1 vector mode and an |`| = 1 maximally entan-
gled OAM state as our equivalent classical and quantum
systems, respectively. The experimental results for both
the classical and quantum cases are in excellent agree-
ment with the theory. Hence, the agreement between the
classical and quantum experiments validates the equiv-
alence of the quantum and classical models depicted in
Fig. 1. The inset in Fig. 3(a) shows the variation in the
measured fidelity of a |TM〉1 vector mode in turbulence,
computed with respect to a maximally entangled state.
Furthermore, by varying the concurrence of the input
vector mode in Fig. 3(b), we experimentally confirmed
for the first time, the existence of the Choi-Jamiolkowski
isomorphism for spatial modes as summarised in Eq. 8,
i.e., that there is a linear relationship between C(|Ψ`〉out)
and C(|Ψ`〉in).
The observed decay of entanglement with increasing
turbulence, as predicted by Eq. 28, is explained by ex-
amining the effects of turbulence on the mode spectrum:
for example, in the classical case, with increasing turbu-
lence strength, the scattering among vector vortex modes
is increased, as seen in Figs. 4 (a)-(e). This is due to the
spreading of the OAM spectrum, as shown in Figs. 4(f)
and 4(g), which leads to crosstalk among vector vortex
modes, as described by Eq. 6, and similarly for the quan-
tum case.
Having characterised the impact of the channel on the
states to be propagated, we used the setup to show a
proof-of-principle data transmission over the channel. It
has been recently shown that the non-separability of vec-
6FIG. 5. Experiemental results for data transmission
over turbulent channel. (a) Using a four-bit encoding tech-
nique with four multiplexed vector modes, a 425×513 pixels
image of Maxwell was transmitted through a turbulent chan-
nel with 〈SR〉 = 0.3, and demultiplexed at the receiver’s end.
A threshold at 15% of the maximum received signal was ap-
plied to the data to filter noise signals. By characterising
the channel with a vector mode sorter, we obtained (b) the
channel matrix. (c) The channel perturbation resulted in a
distorted image at the receiver’s end with a correlation coef-
ficient of 64.2%. (d) Correcting the image with the inverse
channel matrix increased the correlation coefficient to 98.9%.
tor vortex beams can be used to encode two bits of in-
formation simultaneously on the entangled DoFs [39]. In
our scheme, we (de)multiplexed the four maximally en-
tangled vector modes as shown in Fig. 2(c). This allowed
us to perform a four-bit encoding scheme based on these
states. The encoded image in Fig. 5(a) was transmitted
through a turbulent channel with an average turbulence
strength 〈SR〉 = 0.3. Without any correction, the re-
ceived image shows significant amounts of distortion, re-
sulting in a 64.2% correlation coefficient with respect to
the encoded image [Fig. 5(c)]. This is due to the inter-
modal coupling corrupting the encoded bits sequences,
and resulting in state errors measured at the receiver’s
end. A practical advantage of studying the decoherence
induced by a channel is the ability to mitigate perturba-
tions through pre- or post-processing of the data. After
propagation through a perturbing medium, the input and
output states can be related by
|Ψ`〉out = M⊗ 1 |Ψ`〉in , (17)
where M is the channel operator of the system that con-
tains all the information about the crosstalk induced by
the medium. This matrix M ⊗ 1 is graphically repre-
sented in Fig. 5(b). Thus the perturbation can be can-
celled by correcting the final state, |Ψ`〉out, with M−1⊗1
(see Supplementary Information) . Using this correction
technique, we obtained an image with an increased cor-
relation coefficient of 98.9%, as shown in Fig. 5(d).
III. DISCUSSION
The characterisation of quantum channels is a sine qua
non to the implementation of practical quantum commu-
nication protocols. Perturbations from the environment
constitute a hindrance in realising quantum links, par-
ticularly when using entanglement as a resource. Here
we have described, as an example, the effects of atmo-
spheric turbulence on entangled spatial modes. Using a
classically equivalent system, we showed that the quan-
tum channel can be characterised with bright classical
sources.
Using vector vortex modes, so-called classically entan-
gled light, we have proved that the state evolution of two
entangled DoFs is identical to that of two photons entan-
gled in one DoF, when propagating through atmospheric
turbulence. As a corollary, in both the quantum and
classical pictures, our models show an identical decay in
entanglement correlation with increasing perturbations.
This provides new insights into the notion of entangle-
ment at the classical level; that is, beyond the mathemat-
ical non-separability of the DoFs, nature cannot distin-
guish between classical and quantum entanglement in as
far as characterising the channel is concerned. Further-
more, our work represents, to the best of our knowledge,
the first side by side comparison of classical and quan-
tum entanglement. We have shown this for atmospheric
turbulence, but the approach can easily be generalised to
other perturbations.
The decay of entanglement we observed in our results
show that vector vortex modes are not resilient to atmo-
spheric turbulence. This is further supported by the de-
cay in fidelity of the final state after turbulence, measured
with respect to a maximally entangled state (see Meth-
ods), as shown in the inset of Fig. 3(a). The decay of
entanglement and fidelity we found is not in contradiction
with a method to recover qubits encoded in two rotation-
ally symmetric vector states [22] that was tested against
the influence of turbulence [24]. This method uses a filter
(post-selection) to eliminate all spatial crosstalk compo-
nents generated by weak turbulence, resulting in the loss
of photons. However, this post-selection approach does
not provide a measure of resilience to turbulence as all
modes can be recovered using this technique.
We confirmed that the channel’s impact on the quan-
tum state can be determined from a single measurement
of the maximally entangled state. Unlike in quantum
optics experiments with entangled bi-photons in their
spatial modes, here the degree of entanglement (non-
separability) of our classical light may easily be adjusted
with simple polarisation optics. This allows a sender (re-
ceiver) at the input (output) to predict the loss in corre-
lation as a result of perturbation induced by the channel
o quantum states with arbitrary degree of entanglement.
7This is a consequence of the Choi-Jamiolkowski isomor-
phism which, for the first time, has been demonstrated
with spatial modes. This may pave the way for forward-
error-correction and identification of an eavesdropper in
quantum key distribution protocols through a noisy chan-
nel.
Using the tools we presented to characterise the chan-
nel, we demonstrated a simple prepare-and-measure pro-
tocol whereby data was encoded on classically entan-
gled states, sent through the turbulent channel, decoded
and corrected using the channel matrix. Although this
demonstration serves as a proof-of-principle, the tech-
niques presented in this work can be applied to quantum
error-correction. The characterisation of quantum chan-
nels through process tomography requires multiple mea-
surements to be performed on the state over extended
lengths of time - this is what gives rise to mixed states
despite the unitary behaviour of the state evolution. The
ability to detect the specific realisations of stochastic per-
turbations classically, enables an unraveling of the oth-
erwise mixed-state dynamics in terms of pure states and
allows unitary unraveling for perfect control. Using clas-
sical light, the process tomography measurements can
then be done simultaneously (since there are many pho-
tons), allowing for real-time error-correction.
In conclusion, we have proposed and demonstrated a
classical approach to study the transport of a quantum
entangled system in a perturbing channel. Using free-
space communication in a turbulent atmosphere as an
example, we claimed and proved the equivalence of clas-
sical and quantum entanglement when characterising a
channel. This equivalence was demonstrated in a direct
comparison of the decay in the degree of entanglement for
a bright classical vector beam and entangled photons. In
this paradigm, we showed that the process tomography
of quantum channels, requiring multiple measurements
on the quantum state, can be replaced by a state tomog-
raphy on the classical beam. This process tomography
of a communication channel using classical light can be
done in real-time, and implemented in quantum links for
real-time error-correction. Lastly, we have proved, again
using classical light, the Choi-Jamiolkowski isomorphism:
given a channel, the decay in entanglement of a quantum
state can be predicted from that of a maximally entan-
gled state, through a linear relationship.
Through our theoretical analysis and experimental in-
vestigations, we have proved that classical entanglement
is more than a mathematical non-separability; it has
physical properties which, in some cases, nature itself
cannot differentiate from those of its quantum counter-
part.
IV. METHODS
Generation and detection of vector vortex
beams using a q-plate. The generation of vector vortex
beams has been made convenient with the invention of
q-plates. These are phase plates with locally varying bire-
fringence that gives rise to a coupling between SAM and
OAM through the Pacharatnam-Berry geometric phase
[42]. The encoding of entangled qubits with a q-plate is
summarised by the following transformation rules:
|`, L〉 q-plate−−−−→ |`+ 2q,R〉 , (18)
|`, R〉 q-plate−−−−→ |`− 2q, L〉 , (19)
where q is the topological charge of the q-plate. The
four vector vortex modes of a given |`| subspace are non-
separable superpositions of qubit states generated as in
(18) and (19) with the |L〉 and |R〉 input components
phase shifted by 0 or pi. By transforming a linearly po-
larised Gaussian beam, the |TE`〉 and |TM`〉 are gener-
ated with a q-plate with +|q| topological charge, while
the |HEe`〉 and |HEo`〉 are generated with one having −|q|
topological charge.
In addition to their encoding function, q-plates can also
be used as decoders. This is achieved by simply reversing
the generation process outlined in (18) and (19)
|`+ 2q,R〉 q-plate−−−−→ |`+ 2(q − q′), L〉 , (20)
|`− 2q, L〉 q-plate−−−−→ |`− 2(q − q′), R〉 . (21)
Thus, one recovers the information encoded when the
encoding and decoding q-plates have identical topological
charges (q = q′). This technique is in principle identical
to the modal decomposition of scalar modes with SLMs
(see Supplementary Information for further details): a
mode is directed onto the SLM, where an inner product
of the incident field with a match filter hologram is
performed, and the on-axis intensity is measured by
a camera situated after a Fourier lens [43]. When the
input mode matched the filter, a bright on-axis intensity
was observed; otherwise a zero on-axis intensity was
measured. Thus, the modal content of the state exiting
the turbulence plate was efficiently measured.
Concurrence of entangled qubit pairs. In gen-
eral, the concurrence of an arbitrary qubit state (pure or
mixed) can be computed from its density matrix ρ [36]
C(ρ) = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4}, (22)
where λi are the eigenvalues in decreasing order of the
Hermitian matrix R = ρ(σ2 ⊗ σ2)ρ∗(σ2 ⊗ σ2), and σ2 is
the Pauli matrix σ2 =
[
0 −i
i 0
]
. The density matrix, ρ,
of a qubit state, can be expressed in terms of the Pauli
matrices [44]:
ρ =
1
4
σ0 ⊗ σ0 +
3∑
n,m=0
n 6=m=0
ρn,m σn ⊗ σm , (23)
where ρn,m are complex coefficients, and σ0 is the
identity matrix. We used Eqs. 22 and 23 to evaluate
experimentally the concurrence of classical and quantum
states plotted in Figs. 3(a) and 3(b)
8Measuring the non-separability of vector vor-
tex modes. We applied a tomographic tool to recon-
struct the density matrix for the state, so as to anal-
yse the perturbed vector modes. Figure 2(a) illustrates
the experimental setup used. After passing through the
turbulence screen, projective measurements were first
performed on the polarisation state using a half- and
quarter-wave plate, while the OAM DoF was measured
using holograms encoded onto the SLM. As SLMs are po-
larisation sensitive, a linear polariser could not be used
to measure the polarisation states, as is commonly per-
formed. Instead, a half-wave plate was inserted before
the SLM and rotated to specific orientations to realise a
filter for the linear polarisation states: horizontal, verti-
cal, diagonal and anti-diagonal. By inserting a quarter-
wave plate, the two circularly polarised components were
also filtered, resulting in a total of six polarisation mea-
surements. Similarly, we created six different holograms
on the SLM to represent the two pure OAM modes
as well as four orientations of the superposition states:
|` = 1 〉 + exp(iθ) |` = − 1 〉, for θ = 0, pi/2, pi, 3pi/2.
A modal decomposition was performed for each polarisa-
tion state. This tomographic method produces an over-
complete set of 36 measurements, which can be used to
minimise the χ-square quantity and reconstruct the den-
sity matrix ρ [45]. The concurrence can then be calcu-
lated from Eq. 22.
Computing the fidelity between two states. In
quantum mechanics, the fidelity is a measure of the de-
gree of similitude between an arbitrary state with density
matrix ρ, and a target state with density matrix ρt. It is
defined as
F (ρ, ρt) =
[
Tr
{√√
ρtρ
√
ρt
}]2
. (24)
In our case, we measured the fidelity of a perturbed state
|Ψ`〉out with respect to a maximally entangled Bell state|Φ〉, for which the density matrix ρt = |Φ〉 〈Φ|, reducing
the expression of the fidelity to
F (ρ, ρt) = 〈Φ| ρ |Φ〉 . (25)
Modeling the concurrence with respect to the
turbulence strength. The decay of the concurrence
of our quantum state can be modelled in terms of the
turbulence strength of the channel. Here we consider a
turbulence model based on Kolmogorov’s theory [46], and
use the Strehl ratio (SR) [47] as our measure of the turbu-
lence strength. This parameter is defined as the ratio of
the on-axis mean irradiance from a point source measured
at the plane of a receiver in the presence of turbulence,
to that with no turbulence. Assuming weak irradiance
fluctuations, we express the turbulence strength as (see
Supplementary Information):
SR =
1
1 + 6.88(w0/r0)5/3
, (26)
where w0 is the radius of the fundamental (Gaussian)
mode and r0 is Fried’s parameter given by [48]:
r0 = 0.185
(
λ2
C2n z
)3/5
. (27)
In the above expression, the term C2n is the refractive
index structure parameter, λ the wavelength and z the
propagation distance. For a single photon (or equiv-
alently one DoF) propagating through turbulence, the
concurrence evolves as (see Supplementary Information)
[19]:
C(|Ψ`〉out) =
SR
SR2 − SR + 1 . (28)
Quantum experiment: single photon through
turbulence. The quantum results in Fig. 3(a) were
obtained by performing an experiment similar to that in
[20]. A 3mm BBO crystal was pumped with a picosecond
laser with wavelength of 355nm and an average power of
350mW to produce non-collinear, degenerate entangled
photon pairs with type I phase matching via SPDC. Each
photon was directed onto a SLM where the conjugate
of the modes to be measured and the turbulence was
encoded. The modulated beams were then coupled into
single mode fibres (SMF), which extract the Gaussian
profile from the beams. Avalanche photodiodes were used
to register the presence of photon pairs from the SMFs
via a coincidence counter.
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VI. SUPPLEMENTARY INFORMATION
Sorting vector modes using q-plates
Consider an arbitrary vector mode |Ψ〉` generated by
passing a linearly polarised field Gaussian field A(~r)ˆi
through a q-plate, where the position vector ~r = (r, φ)
is expressed in standard polar coordinates, and the unit
vector iˆ represents the polarisation direction. The Gaus-
sian field is transformed by a q-plate, which can be rep-
resented by the following Hermitian operator,
Qˆq =
[
cos(2qφ) sin(2qφ)
sin(2qφ) − cos(2qφ)
]
, (29)
where q is the topological charge of the q-plate. Subse-
quently, passing |Ψ〉 through a second q-plate with topo-
logical charge q′, and measuring the linear polarisation
state results in the following output:
T = 〈j| Qˆ†q′QˆqA(~r) |i〉 = A(~r) 〈j| Qˆ†q′Qˆq |i〉 = 〈Φ|Ψ〉 ,
(30)
where |Φ〉 is a vector state. Let |r〉 be a two-dimensional
normalised position vector. By projecting Eq. 30 into
position space, we obtain
T (r) = 〈Φ| I |Ψ〉 =
∫
dr 〈Φ|r〉 〈r|Ψ〉 = Φ∗(r)Ψ(r).(31)
Using a lens, the field observed in the Fourier plane is
given by
T (k) =
∫
dr Φ∗(r)Ψ(r) exp(i~k · ~r). (32)
From the orthogonality of OAM modes and polarisation,
the on-axis intensity in the Fourier plane will be given by
|T (0)|2 = |A(~0)|2δq,q′δi,j . (33)
This means that measuring the on-axis intensity will
yield a non-zero value if and only if the two q-plates have
the same topological charge q, and the polarisation mea-
sured is that of the initial field that generated |Ψ〉.
Determining the turbulence strength
The strength of a turbulent medium can be charac-
terised by the Strehl ratio [1], which is defined as
SR =
I
I0
, (34)
where I and I0 are the on-axis intensities of the aberrated
and non-aberrated Gaussian modes, respectively. This
is applicable for both the weak and strong turbulence
regimes, where 1 represents no turbulence and 0 repre-
sents a highly turbulent medium. Figure 6 illustrates the
detrimental effects of different turbulence strengths on a
vector vortex mode.
FIG. 6. The turbulence strength, given by the Strehl ratio, is
measured by the relative drop in a peak intensity between a
perturbed and non-perturbed Gaussian beam.
Encoding turbulence on an SLM
The Kolmogorov power spectrum is given by [1]
Φn(κ) = 0.033C
2
nκ
−11/3, (35)
with 1/L0 ≤ κ ≤ 1/l0, where L0 and l0 are the inner
and outer scales of the turbulence, and define the lim-
its within which the above power spectrum describes an
isotropic and homogeneous atmosphere. The turbulence
phase screens are generated by Fourier transforming the
product of a random function with the power spectrum
above. Using a SLM, we digitally generated turbulence
phase screens and obtained the calibration curve illus-
trated in Fig. 7
FIG. 7. Calibration of turbulence phase screens encoded on a
SLM through a comparison of the encoded and measured SR
values.
Determining the concurrence in terms of the Strehl
ratio
The effect of a turbulent medium on the Strehl ratio,
assuming weak irradiance fluctuations, is given by [1]
SR ≈ 1
1 + (D/r0)5/3
, (36)
where SR is the Strehl ratio, D is the diameter of the re-
ceiving aperture, and r0 is the Fried parameter [2], given
11
by
r0 = 0.185
(
λ2
C2nz
)3/5
. (37)
Although Eq. (36) is valid for weak irradiance fluctua-
tions, it has not been derived for a single phase screen
scenario, which is the case for the current experimental
setup. One can compute the Strehl ratio for a single
phase screen, using the quadratic structure function ap-
proximation [3]. The resulting expression
SR =
1
1 + 6.88(w0/r0)2
, (38)
is similar to Eq. (36). Here w0 is the beam radius of the
input beam. We will assume that, without the quadratic
structure function approximation, the relationship is of
the form
SR =
1
1 + 6.88(w0/r0)5/3
. (39)
The concurrence of a photon pair that has an initial
entangled state (Bell state)
∣∣Ψ+〉 = 1√
2
(|`〉 |−`〉+ |−`〉 |`〉) , (40)
and where only one photon propagates through single
phase screen turbulence, evolves according to
C (∣∣Ψ+〉) = X + 1
X2 +X + 1
, (41)
where
X = 6.88(w0/r0)
5/3 . (42)
Using Eq. (39), we can express X in terms of the Strehl
ratio
X =
1
SR
− 1 , (43)
so that Eq. (41) becomes
C (∣∣Ψ+〉) = SR
SR2 − SR + 1 . (44)
Error correction for turbulence
A particular realization of the turbulent atmosphere
acts on the spatial modes due to modal cross-talk and
detection of a subspace as a filter with a single rank-two
Kraus operator M (Eq. 7), which can be expressed in
polar decomposition as
M = U |M | = U(λ0 |0〉 〈0|+ λ1 |1〉 〈1|), (45)
where U is unitary and λ0 |0〉 〈0|+λ1 |1〉 〈1| is the spectral
decomposition of the positive operator |M | =
√
M†M .
The action of the filter M can be compensated by a sec-
ond ‘conjugate’ filter M˜ with M˜M ∝ 1 given by
M˜ = (λ1 |0〉 〈0|+ λ0 |1〉 〈1|)U†, (46)
which can be physically implemented. In the example of
error correction discussed in the paper, the action of the
channel M was compensated by processing the measure-
ment data with M−1.
Effects of OAM crosstalk on the concurrence
For a hybrid OAM-polarisation qubit state
|Ψ〉` = α |`〉 |R〉+ γ |`〉 |L〉+ β |−`〉 |L〉+ τ |−`〉 |R〉, the
concurrence is computed as follows [4]
C(|Ψ〉`) = 2|αβ − γτ |. (47)
For a vector vortex mode defined as in Eq. 1b, reduces
to C(|Ψ〉) = 2|αβ|.
Recall the expression derived for the concurrence of the
input and output states:
C(|Ψ`〉out) = |p20 − p2`p−2`| C(|Ψ`〉in), (48)
where we omitted a normalization constant for the sake
of simplicity. We can extend our analysis by imposing
conditions on p`. We want a symmetric distribution with
its maximum p` = 1 centered at ` = 0. For the sake of
the argument, we will assume a Gaussian-like discrete
function for p`
p` = exp(−`2/2∆2), (49)
where ` is the OAM index and ∆ is the width of the dis-
tribution, which depends on turbulence. We can rewrite
Eq. 48 as:
C(|Ψout〉) = |1− exp(−`2/∆2)| C(|Ψin〉). (50)
If ` = 0, then the concurrence C(|Ψ`〉out) = 0, which
is explained by the fact that the input beam is not a
vector beam. In the case of ` → ∞, the concurrence
of the output state will be equal to that of the input
state: C(|Ψ`〉out) = C(|Ψ`〉in). This is because the
OAM modes are so far apart that the crosstalk result-
ing from the turbulence will not affect the measured
OAM modes, as illustrated in Fig. 8. If ∆ = 0, then
C(|Ψ`〉out) = C(|Ψ`〉in), as this implies that the initial
state is not perturbed (no turbulence).
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FIG. 8. Schematic representation of OAM crosstalk. In-
creasing the separation of the modes or decreasing the width
of each Gaussian curve (decreasing turbulence) reduces the
crosstalk.
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